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Abstract 

We consider the following Keller-Segel system of degenerate type: 



(KS) 



du 
'dt 
= 



J)x \ dx 



'JV + u, 



dx"^ 

u{x,{)) = uo{x), 



e R, t > 0, 
dxJ 

G R, t > 0, 
x G R, 



where m > 1, 7 > 0, q > 2m. We shall first construct a weak solution u{x,t) of 
(KS) such that is Lipschitz continuous and such that u"^~^^^ for 5 > is 

of class with respect to the space variable x. As a by-product, we prove the 
property of finite speed of propagation of a weak solution u{x,t) of (KS), i.e., that 
a weak solution u{x,t) of (KS) has a compact support in x for all t > if the initial 
data uq{x) has a compact support in R. We also give both upper and lower bounds 
of the interface of the weak solution u of (KS). 



1 Introduction 



We consider the following Keller-Segel system of degenerate type: 



(KS) 



du d /du"'' 

dt dx V dx 
d^v 

= — -7. + «, 
u{x, 0) = uo{x), 



u'i-^ ■ — , X e R, t > 0, 
dx/ 

x e R, t > 0, 
X e R, 
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where m>l, 7>0, q > 2m. The initial data uq is a non- negative function and in 

n L°°(R) with u"^ e if^(R). This equation is often called as the Keller-Segel model 
describing the motion of the chemotaxis molds, (see e.g., |5].) 

The aim of this paper is to construct a weak solution u{x,t) of (KS) such that u^~^ 
is Lipschitz continuous and such that u"^~^'^^ for 5 > is of class with respect to the 
space variable x. The regularity property whether u"^'^ is Lipschitz continuous or of class 

plays an important role for the investigation of the behaviour of the interface to the 
solution u of (KS). Our result shows that the power m — 1 to m exhibits the borderline 
behaviour between Lipschitz continuity and C^-regularity. Indeed, as a by-product of 
Lipschitz continuity for u"^~^, we prove that a weak solution u{x,t) of (KS) possesses the 
property of finite speed of propagation i.e., that a weak solution u{x,t) of (KS) has a 
compact support in x for alH > if the initial data uo{x) has a compact support in R. 

Similar results have been obtained for the porous medium equation: 

f dU _ d^U"^ 
(PME) <^ - ^ ^ ^' ^ > 

G R. 

It is known that the comparison principle gives both upper and lower bounds of all 
solutions U to (PME) by means of the Barenhlatt solution Vb which is an exact solution 
of (PME). Hence the property of finite speed of propagation of ?7 is a direct consequence 
of the explicit form of Vb since supp Vb(-, t) is compact in R for all time t. 

Our purpose is to prove the property of finite speed of propagation for (KS) to which 
the comparison principle is not available. To this end, one makes use of the notion of the 
domain of dependence which is useful for the proof of uniqueness of solutions to the linear 
wave equations. For instance, the half-cone like region Dt defined by 

Dt := ^{x,t)] -ct + a<x<ct + b, < t < t|, a < b, c> 

makes it possible to prove that the solution of the linear wave equation with the propa- 
gation speed c vanishes on Dt for the initial data Uq such that Uq{x) = on / = [a, 6]. 

To deal with (KS), we generalize such an idea, and consider the curved half-cone like 
region. Indeed, suppose that ^0(2;) = on /. Then our curved half-cone like region Dt 
with respect to / can be expressed by 

(1.1) Dt := [{x,ty, at)<x<E{t), < t < t}, 

where f(t) and S(t) are the solutions of the following initial value problems: 



(IE) 



c\t) = -^r^«-iVe(t),t)+«'^-2-f(e(t),t), m = ci, 

2'(t) = -£(^«-M(S(t),t) + t.'^-2-f(S(t),t), E{0) = b. 



Unfortunately, Lipschitz continuity of u"^ ^ is too weak to ensure the existence of solutions 
{C{t), 5(t)} to (IE). Hence we need to regularize u by with small parameter e > 0, and 
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deal with the approximating solutions {^^(t), which correspond to (IE) with u 

replaced by u^. It is shown that Lipschitz continuity of u"^~^ guarantees the existence 
of uniform limit on < t < T of {.^^(t), ^^(t)} as £ — > 0. Then we see that 

u{x, t) = on Dt- 

Our definition of a weak solution to (KS) now reads: 

Definition 1 Let m, 7 and q be constants as m > 1, 7 > 0, q > 2. Let uq be a non- 
negative function in R with Uq E L^ (1 L°°(R) and G H^(R). A pair of non-negative 
functions {u,v) defined in H x [0,T) is said to be a weak solution of (KS) on [0,T) if 

i) ue L°°(0,T;L2(R)), g L^{0,T; H\Wi)), 

ii) V G L°°(0,T;i/2(K))^ 

iii) {u,v) satisfies (KS) in the sense of distributions: i.e., 

I I [dxU^ ■ dxif — u'^^^dxV ■ dx^ — u ■ dt^p) dxdt = I uq{x) ■ (p{x, 0) dx, 
Jo Jr Jr 

for all functions ip G C^iWi x [0,T)), 

—d^v + 7u — ^^ = for a. a. (x, t) in H x (0, T). 



Concerning the local-in-time existence of weak solutions to (KS), the following result can 
be shown by a slight modification of argument developed by the author flbi Theorem 1.1]. 

Proposition 1.1 (local existence of weak solution and its uniform bound ) 

Let m > 1, 7 > 0, q > 2. Suppose that the initial data uq is non-negative everywhere. 

Then, (KS) has a non-negative weak solution (m, v) on [0, Tq) with Tq = ^||'Uo||l°=(R)+2 
Moreover, u{t) satisfies the following a priori estimate 

(1.2) ||M(t)||L-(R) < ||mo||l-(r) + 2 for alHG [0,To). 



Remark 1. Concerning the global- in-time existence of weak solutions to (KS), the 
author and Kunii [T7j obtained the following result: Let m,j,q and the initial data uq 
be as in Definition 1. In the case q < m -\- 2, there exists a weak solution u of (KS) on 
[0, 00). On the other hand, in the case q > m -\- 2, the weak solution u of (KS) on [0, 00) 
can be constructed provided HwoH^i^^^^ is sufficiently small. 

Now, we construct a weak solution u of (KS) with some additional regularity for the 
velocity potential u"^~^. 
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Theorem 1.2 Let m > 1, 7 > and q > 2m. Let the initial data uq be as in Definition 1. 
In addition, we assume that u^~^ is Lipschitz continuous in R. Then, the weak solution 
u of (KS) on [0,To) given by Proposition li.il has the following additional properties (i) 
and (a): 

(i) ■u™'~^(x, t) is Lipschitz continuous with respect to x for all < t < Tq with the estimate 
(1.3) sup l|a,w"^-^(t)||L-(R) < c, 

0<t<To 

where C = C{m, 7, g, Uq) . 

(a) For every 6 > 0, u"^^^^^{-, t) is a -function with respect to x for all < t < Tq with 
the property that dxU"^~^^^{x, t) = at the points (x, t) G R x (0, Tq) such that u{x, t) = 0. 
Furthermore, in the case of 1 < m < 2, we have dxu{x,t) = at the same points {x,t) as 
above. 

Remark 2. (i) By the fundamental inequahty 

. ^, . ^ . ^, f 1 1 1 1 f -To M'^'Hx , t) - u'^-^y , t)\ , l<m<2, 

(l.A)\u(x.t) -u(y,t)\ < { '"-I " "^°°(«i-o)' ^ '/ 

[ \u'''-\x,t) -u'''~\y,t)\ — , m>2 

for ah X, y G R, < t < Tq, we have by Theorem 11.21 that for every < t < Tq, u{-, t) is 
a Holder continuous function in R with the exponent /i = min{l, :^^^}- 

(ii) For (PME), it is well-known that dxU"^~^{-,t) becomes a discontinuous function in 
R after some definite time t. Our result in Theorem 11.21 makes it clear that continuity 
in X of dxvF{x,t) is guaranteed for all p > m — 1 and all < t < Tq. It seems to be an 
interesting question whether dxU^~^{-.,t) is really discontinuous in R or not. 

(iii) The hypothesis q > 2m seems to be redundant. Indeed, such restriction on q stems 
from choice of the transformation ip in (12.161) which may have a certain freedom to apply 
the Bernstein method to the uniform estimate of dxU^~^ for e. It should be noted that 
in the case 7 = 0, we can relax this restriction to g > m + 1. See fl2.26p below. 

By (11.31) in Theorem 11.21 we can construct a pair of continuous functions ^(t) and S(t) 
on [0,ro) such that the region Dtq defined by (11.11) belongs to the interior of the do- 
main surrounded by the interface of tt, which leads us to the property of finite speed of 
propagation to (KS). 

Theorem 1.3 (property of finite propagation speed) Let m > 1, 7 > and q > 

2m. Let the initial data uq be as in Definition 1. In addition, we assume that uq{x) = 
on some interval I = [a, b] and that u]^~^ is Lipschitz continuous in R. Suppose that u 
is the weak solution of (KS) on [0,To) given by Theorem Then, there exists a pair 
{^(t),S(t)} of continuous functions on [0,Tq) with the following properties (i) and (ii): 

(i) G Vri'°°(0,To) withi{Q) = a, S(0) = 6; 

(11) u{x, t) = for ^{t) <x < E{t), < t < Tq. 
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Remark 3. (i) Concerning (PME), the interface of U can be explicitly determined by 
the solutions ^{t) and S(t) of the following initial value problems: 

= -il^,u-~')im,t), m = b. 

Indeed, by the comparison principle Knerr [6] showed that if Uq{x) = on some interval 
I = [a, b] and Uoix) > on F = R\/, then it holds that U{x, t) = for ^(t) < x < E{t) 
and U{x,t) > for s < ^{t) and x > E{t) for all < t < oo. We call such ^{t) and E{t) 
the interface of (PME) . 

(ii) Compared with (PME), it is not clear whether (IE) determines the exact interface of 
(KS) to which the comparison principle is not available. However, if ^i(t) and Si(t) are 
the interface of (KS), i.e., that ^i{t) and Si(t) have the property that 

u{x,t) = in Ji := [C,i{t),'E.i{t)] and u{x,t) > in some neighbourhood outside of If 

for all < t < To, then we can see that ^(t) and E{t) given by Theorem 11.31 satisfy the 
estimates 

6W<CW, E{t)<Ei{t) for all < t < To. 

Hence our result may be regarded as an estimate of the maximum and the minimum of 
the interface of (KS). Other observations were done by Mimura-Nagai [I3] and Bonami- 
Hilhorst-Logak-Mimura |4j . 

This paper is organized as follows. In Section 2, we shall first recall the approximating 
problem (KS)^ of (KS) introduced by [T7]. Our main purpose is devoted to the derivation 
of uniform gradient bound with respect to e: > of the approximating velocity potential 
We = where Us is the smooth solution of (KS)e. Bernstein's method plays an 

important role to obtain our uniform estimate, (see e.g., [12].) Then in Section 3, by the 
standard compactness argument, we shall prove the Lipschitz continuity of the velocity 
potential w = ■:^^^u"^~^ for the weak solution u of (KS). It is expected that dxw{x,t) 
becomes a discontinuous function in x after some finite time t. However, we shall show 
that for p > m — 1, dxvP{x,t) is, in fact, a continuous function in R for all t G [0,To). 
Section 4 is devoted to the construction of continuous curves ^{t) and S(t) such that 
u{x,t) = on defined by (II. ip . which implies the property of the finite speed of 
propagation for (KS). 

We will use the simplified notations: 

1\ f) — Jl f) — A. f)2 _ di_ as _ 8^ 

2) II ■ lU- = II ■ lU'-(R), (1 < < oo), j ■ dx := j^ - dx, 

3) Qt :=Hx (0,T), 

4) When the weak derivatives dxU,d'^u and dtu are in U'{Qt) for some p > 1, we say 
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that u G Wp^^iQr), i.e., 

2 Approximating Problem 

In order to justify the formal arguments, we introduce the following approximating 
equations of (KS): 

dMx,t) = d,(^d,{u, + er -{u, + ey-^u,-d,v,y (x, t) G R x (0, T), 

\ = dlVe-JVs + Ue, (x, t) G R X (0, T) , 

Ue{x,0) = Uos{x), X G R, 

where e > is a positive parameter. 

Let us introduce the following assumption on the initial data Uq^ with e > 0. 
(A.l) uoe > for all X G R and uqs G W^^P{Ii) with 

sup ||Moe||LP(R) < ||%||lp(r) for all p G [1, oo], 

0<£<1 

\\uoe — uo\\Lp{n) ^0 as £ ^ for all j» G [1, oo). 
(A.2) e VF^'^(R) with supo<£<i ||(9^%£||l2(r) < ||5x%||l2(r)- 

Definition 2 We call {ue, v^) a strong solution of (KS)^ if it belongs to Wp'^ x W^'^IQt) 
for some p > 1 and (KS)e is satisfied almost everywhere. 

For the strong solution, we consider the case p = 3 and introduce the space W(Qr) 
defined by 

(2.1) W(Qt) := W^'^ xW^^\Qt). 

In [15] -[17], the following proposition concerning the existence of the strong solution 
was proved : 

Proposition 2.1 (local existence of approximating solution) Let m > 1, 7 > 0, q>2. We 

take Tq := (||tio||L°°(R) + 2)"''. Then, for every e > and every initial data Uqs satisfying 
the hypothesis (A.l), (KS),. has a unique non-negative strong solution (u^jV,.) in ^{Qto)- 
Moreover, u^{t) satisfies the following a priori estimate 

(2.2) \\ue{t)\\Loo(^n) < lko||L-(R) + 2 for alH G [0,ro) and all £ G (0,1]. 
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Remark 4. (i) It should be noted that the time interval [0, Tq) of the existence of the 
strong solution {usjVe) can be taken uniformly with respect to e > 0. 

(ii) The weak solution {u, v) of (KS) on [0, Tq) given by Proposition 1 1 . 1 1 can be constructed 
as the weak limit of (w^, v^) as e — * 0, where (wg, v^) is the strong solution in Proposition 
12.11 More precisely, by choosing a subsequence of ('U£,t'e) which we denote by {ue^Ve) 
itself for simplicity, we have 

Me -u weakly — star in L°°(0, Tq; L^(R)), 

< ^ vT^ weakly in L2(0, Tq; H\Wi)) and strongly in C([0, Tq); Lf^^iWi)), 

Ve ^ V weakly - star in L°°(0, Tq; i/^(R)) 

as £ — > 0. In what follows, we assume that the sequence of approximating solutions (m^, Ve) 
satisfies the above convergence. 

(iii) The strong solution {ue^Ve) G W((5to) is more regular. Indeed, for every e > 0, it 
can be shown that Ue-,Ve € C°°(R x (0,To)). 



The following lemma gives the gradient estimate for the velocity potential ^. 

Lemma 2.2 Let m > 1, 7 > and q > 2m. Let the initial data uq he as in Definition 1. 
For every e > we take Uq^ so that the hypothesis (A.1)-(A.2) are satisfied. In addition, 
we assume that u^~^ is Lipschitz continuous in R. Then the strong solution of (KS)^ 
on [0,To) given by Proposition \2. 1\ has the following property: 

(2.3) sup ( sup \\d,{u, + e)'^'^\\L^(j,^ < C, 

0<e<l ^0<t<To ^ 

where C = C(m, 7, g, mq)- 

Proof of Lemma \2.2[ For the sake of simplicity, we denote {ue,Vs) by {u,v). To treat 
the velocity potential, let us define w := + ^)"^^^ ■ Multiplying the first equation of 

(KS)^ by m{u + e)™-"^ and then rewriting the resultant identity in terms of w, we have 

= {m- l)w dlw +\d^w\'^ - (^{q -2){u + e)'^~^u+ {u + e)'^~^^ ■ d^v ■ d^w 

(2.4) -{m-l){u + e)'^-\-dlv-w. 

Now we apply Bernstein's method. Introducing the convex transformation ip : w ^ w, 
determined below (12.161) . we rewrite the identity fl2.4p by means of w = ■0~^(w) in the 
following form: 



dtW = (m — 1)1/; ■ (^^\dxw\'^ + dlw^ + ip \dxw\ 



(2.5) - ((g - 2) (m + e)'''^u + {u + e)''-^^ ■ d^v ■ d^vu - {m - 1)^ ■ {u + e)'?-\ ■ dl 
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We note that 



(2.6) M) = w = -^^{u + e)'^-\ ij\w)-d^w = m(n + e)™^^^,^, 

m — 1 

(2.7) {u + ey-' -d^u = —■ij'-{u + £)9-'»-^+2 . g^^ for ^ = 3, 4. 

m 

Differentiating botli sides of (12. 5p witli respect to x, we obtain from (12.61) and (12. 7p that 

dtd^w = (m - 1)'iIj'{w) ■ (%^\dxw\'^ + dlw) ■ d^w 

\ ip [w) / 

+ 2((m - l)ip{w) ■ + i/j'iw)) ■ d^w ■ dlw + (m - 1)iIj{w) ■ dlw 



- (5 - 2)(g - 3) ■ — ■ i)\w) ■ {u + ef-'^-'^u ■ d^v ■ (d^w)^ 

m 

- 2(g - 2) ■ - ■ tlj\w) ■ {u + £)^-™-i ■ d^v ■ {d^wf 

m 

Tf) — 1 

-{q-2) i){w) ■ {u + ey-'^-^u ■ dlv ■ d,w 

m 

771 — 1 

- {q-2) ^{w) ■ {u + ey-""\ ■ d,v ■ dlw 

m 

Tf) — 1 

iP{w) ■ {u + ef-"^-^ ■ dlv d^w 



m 
m — 1 



■ ijj{w) ■ {u + ef-"^-^ ■ d^v dlw 



m 

m \4){w)/ 

_ . ^(^) . (u + ef-'^-^ (iq- 2)u + e\ ■ dlv ■ d^w 

m V / 

(2.8) _ + a?«. 

m ip'[w) 

Let us put U := l^^tDp, then the following identities hold. 

(2.9) 3.^-3l^.^\3.U, 4«.<^« = \3lU-0lwf. 
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Multiplying (12.81) by dxW and using (12. 9p . the resultant equation in terms of U reads: 

- {q-2)---^\w)-{u + ey-"^-^ ■ Uq - l)u + 2^) ■ d^v ■ 
m \ / 



■ U 



711 — 1 

- (g - 2) ■ — — • i;{w) ■ {u + ef-'^-'^u ■ 9> ■ U 

nrf\ 1 1 

-{q-1) ^{w) ■ {u + ey-'^-^u ■ d^v ■ -d,U 

m 2 

ffi — 1 

ijiw) ■ iu + ey-"^-^ -dlv-U 

m 

ffi — 1 1 



m 



(2.10) - ■^■{u + . . dlv . d.w. 

We consider a sequence {Vk{x)}'^^_^ of cut-off functions such that 

(2.11) supp r]k = {x eU; -2 + k <x <2 + k}, 

(2.12) r]k{x) = l for -1 + k <x <l + k, 
with 

(2.13) \dxT]k{x)\ < ci{r]k{x))^ , -C2r]k{x) < dlr]k{x) < C3 for x G R, 

where ci,C2 and C3 are positive constants independent of k. In Remark 5 below, we give 
an example of such {'i]k}'kL- 00 ■ 

Multiplication of fl2.10p by r]k yields 

(2.14) +i.dl{r^,,U) + J-d^{7]kU) + Ru 



1 / " 

l^-dtiVkU) = ((m-l)V(^)' + mV^")%[/2 - {m-l)ij{dlwfTik 



where 



m-l 



J 



((m -l)-'4)-^ + ^ ip'^^w - (m - l)^' ■ dccrjk 
"""^ i:{u + ey-"'''(^{q-l)u + ey,v, 



2m 



and Rk is regarded as the remainder term defined by 
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(2.15) 
with 



i=i 



R 



(1) 



(^{m - 1) ■ ^ ■ ^ + ^^^ ^j'^ d^rjk ■ d^w ■ U 



q-2 
m 



R 



(2 



R 



(3 



R 



(4; 



R 



(5 



R 



(6 



R 



(m-l)-V-(9.?7fc)'/7, 
m — 1 



m 
m — 1 



■ ^{w) ■ {u + ef----^ ({2q - ?>)u + 2£ j ■ dlv ■ r]kU, 

■ ^ ■ dlvk ■ U, 



(m-l)2 ff{w)\' 



m \ijj(w] 
(m — 1)^ tp{wY 
m ip'{w) 



-) ■^■{u + eY-'^-\ ■ dlv ■ VkU, 



Now we choose the transformation i/jlr) by 



(2.16) ij{r) :-- 



m 



m — 1 



L°°(R) 



+ 2 + e' 



,m—l 



-(4-r) 



< r < 1. 



Then we observe that the coefficient of the first term rikV^ of the right-hand side in (12.141) 
is negative, in particular 

(2.17) (^(m-l)V^(^)' + mV^")%^2 < -M ■ rj^U^ for (x, t) G R x [0, Tq), 

m(llm — 3) 

where M := > 0. 

12(m- 1) 

Indeed, since Proposition 12.11 states that 



< w{x, t) < 



+ 2 + 8 



,m—l 



m — 1 m — 1 

holds for all {x,t) G R x [0,To), the definition iIj{w) = w yields 



(2.18) (0<) 2-^/4-- <w{x,t)<l, (x,t) G Rx [0,To) 

(m — 1)L 
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for sufficiently small e > 0. Moreover, by (12.181) we have 

, , 2Zy , / , , 2Zv , , 4Zy // , , 2Z/ 

(2.19) — < i;{w) = —i2-w) < ^"^^ = "T' 

(2.20) ^ < 



'^'7 {ilj'y - A 



Now from (12.191) and (I2.20p . we see that the left-hand side of (12.171) is bounded by 



, x' ,//\ ^^r, / \m—v]L ZmL\ ^^r, 

■ rikU^ = -M ■ rj,U' < 0. 



m(llm — 3) ^„ 
12 m - 1 



On the other hand, suppose that attains its maximum at the point (a;o,to) G R x 
(0, To). Then it holds hj rj^ > that 

(2.21) i •9t(?7fef/)(xo,to) > 0, dlirikU){xo,to) < 0, 9,(r/fcf/)(xo, to) = 0. 
Combining ^A7\ . fl2J9D - fl2:2TD with fl27[D . we obtain 

7 

(2.22) M-%[/2 < 
where {-Rfc^}i<j<7 is given by (I2.15p . 

We are going to estimate the seven terms {Rk^}i<j<7- To this end, firstly integrating the 
second equation of (KS)e on (— oo,x), we have 



d:cv{x,t) = 'j v{y,t)dy- u{y,t) dy, 



which yields 

(2.23) sup ||5x^^(t)IU-(R) < 2||mo||li(r). 

0<t<To 

Here we have used the fact that v{x, t) > together with 7 v{y, t) dy = u{y, t) dy 
for all t e [0,To). 

By (12.131) . (12.231) . Young's inequality, and the relation d'^v = ^v — u, we have for > m + 1 
that 

4 

(2.24) Y.^^ ^ ^ + f -^^^^ 
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where C is a constant depending on m, 7, q and uq. By f l2.13p and Young's inequality, we 
have 

(2.25) Jjf < ''^^^i.-v.U < C + f 

Z o 
We are now going to estimate R^^^ . Since 

_^ }_ < (i\ = - (^T < _^ 1 < n 

3 vay V'^-vv^y (^)2 - 3 

and since = — u, by the hypothesis that q > 2m, we have that 



ill! ^ 
m 3 



(2.26) < c + ^ ■ ?7fef/'. 

o 

Indeed, since v{x,t) satisfies 

(2.27) v{x,t) = [ G{x-y)-u{y,t) dy 

JR 

with the Bessel potential G{x) which can be express as 

(2.28) Gix) = ^= / s~-2 ■ e-^'-^ ds 



^ Jo 27 
it holds that G e Lp(R) for all 1 < p < 00 and that 

sup ||v(t)||L«>(R) < C sup \\u{t)\\Li(n) = C||woe||Li(R) < ||wo||l1(R)- 
0<t<T 0<t<T 



By (EH) and (ETD, it holds 



3^ 

X ^ 



m 



m — 1 



{u + ef ■ (jd^v - d^u) 



(2.29) < ■ 7 ■ (w + eY'^ ■ 2||%||li + ■ ^' {w){u + ey-^'-'u ■ d,w, 

m — 1 m — 1 

which yields 

(2.30) R'p < C + f. v,U\ 

12 



Substituting (^M), dSSS]), (12:261) and flOOj) into (^M), we obtain 

M-r]kU'^ < C. 

Recalling U = Idxwl"^, we have by (12. lip and the above estimate that 

--: U < C ioY -1 + k < X <1 + k, < t < Tq, 



2.31 



\dxw\ 



where C is a constant independent of e and k. Repeating the same argument as the above 
for k = 0, ibl, ±2, ■ ■ ■ , we obtain the upper bound of {Oxwl which is independent of e in 
the whole interval R. 



We recall the definition of w and ifj{w) 

m 



(2.32) 



[Ue + e 



\m~l 



m — 1 

Differentiating both sides of (12.321) with respect to x, we have by (12.191) and (I2.3ip that 

m — 1 



idxiue + e 



im— 1 1 



m 



ifj (w) ■ \dxw\ < C for all {x,t) G R x [0,To), 



which yields (12.30 . This proves Lemma [2.21 

Remark 5. In the proof of Lemma [2. 2 [ we have used a sequence {i]k{x)}'^^_^ of cut-off 
functions with properties (I2.1ip - (l2.13p . Taking ri{x) as 



ri{x) 



( 

2(2 + 

1 -2(x + 1)^ 
1 

1 -2(x- 1)^ 
2{2-xY 




for X < —2 



for 
for 
for 



2 < X < -|, 
I < a; < -1, 
1 < X < 1, 



for 1 < X < |, 
for I < X < 2, 
for X > 2, 



and then defining r]k by r]k{x) := r]{x — k) for k = 0, ±1, ±2, ■ ■ ■ , we see that {i]k{x)} 
has the desired properties ( ]2.1ip -( l2.13p . 



oo 

k=—oo 



3 Proof of Theorem 1.2 



Let us first show that for every t E [0,ro), {ue{-,t)}e>o is a sequence of uniformly 
bounded and equi-continuous functions in R. Indeed, the uniform bound is a consequence 
of (O. By (O, (O and ([HD with u replaced by u, + e, it holds 

\u,{x,t) - u,{y,t)\ < C{\\uo\\l^ +2f\x -yl^", /i = min{l, — ^} 

m — I 
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for all X, 2/ € R, < t < Tq, and all £ > 0, where C is the same constant as in (12.31) . This 
implies that {u^^-, t)}e>o is a family of equi-continuous functions in R for all < t < Tq. 
Hence by the Ascoli-Arzela theorem, there is a subsequence of {«£(■, t)}e>05 which we 
denoted by {Me(-,t)}e>o itself such that 

(3.1) Ue{-,t) — > u{-,t) as £ 
uniformly in every compact interval / C R. 

On the other hand, by (12. 3p and the weakly-star compactness of L°°{Qto), there exists 
a sequence of {Me}e>o, which we denote by {'Ue}e>o itself for simplicity, and a function 
u e L°°{Qto) such that 

dx{u£ + e)"^~^ — i> u weakly — star in L^{Qto) 

with 

By (13.11) . it is easy to see that u = d^u"^'^, which yields the desired estimate (11.31) . 

Next, we shall show that dxU"^~^^^{-,t) is a continuous function in R for all < t < Tq 
and for all 5 > with the additional property that dxU'^~^~^^{x,t) = at the point {x,t) 
such as u{x,t) = 0. To this aim, we follow a similar argument employed in Aronson [3]. 
Let ti(xo,to) > 0. Then we see by the standard argument that both d^u and dxU"^~^~^^ 
with 6 > are continuous functions in a neighbourhood of (xo,to)- Therefore, it suffices 
to prove that dxu"^~^~^^{-,t) is a continuous function in a neighbourhood of xi such as 
u{xi,t) = with the additional property that dxu"^~^~^^{xi,t) = 0. By virtue of (13.11) . 
for every t G [OjTo) and every compact interval / C R, it holds that We(-,t) u{-,t) 
uniformly on /. Therefore, by Remark 2, there exists ao > such that 

0<Ue{x,t) < lUg^Xjt) — u{x,t)\ + \u{x,t) — u{Xi,t)\ + u{Xi,t) 

(3.2) < 2a>' 

holds for all x G Ia{xi) '■= {x G R; |x — Xi| < a} and for all < a < ao and for all 
< e < 1, where /i := min{l, ^^^j}- 

On the other hand, since we have 

(3.3) <-^+^(x,t) -<-^+'^(x',t) = !!!^:1±A f ul{x,t) ■ d,u'^-\x,t) dx, 



m 

it follows from (13. 2p . (13. 31) and Lemma [2.21 that 

(3.4) \u'^-^+\x,t) -u'^~^+\x',t)\ < C{2a^'Y\x-x'\ for all x, x' G /„(xi) 

and for all < a < ao and for all < e < 1, where C depends on m,j,q,UQ but not on 
e. Letting e ^ +0 in (13. 4p . we have by (13. ip that 

\u'^-^+\x,t)-u"'-'+^{x',t)\ 

(3.5) < C(2a^)^|x - x'\ for all x, x' G Ia{xi) and all < a < oq. 
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Taking x = xi in (13.51) and then letting x' — > xi, we have 



\d^u"'~^+\x^,t)\ < C(2a^)^ < a < ao. 

Hence we have by letting a — > that 

9^M™-^+^(xi,t) =0. 

Similarly, letting x' — > x in f l3.5p . we have 

\d^u'^-^+\x,t)\ < C{2a>'Y for all < a < ao, 

which implies that dxU^'^^^^-^t) is continuous at xi. Since xi can be taken arbitrary in 
such a way that u[xi,t) = 0, we conclude that dxu"^~^~^^{-,t) is a continuous function in 
R for all t G [0,ro) with the additional property that dxU'^~^~^^{x,t) = for the point 
(x, t) such as m(x, t) = 0. 

The case of 1 < m < 2 can be handled in a similar manner as above and we conclude that 
dxu{-, t) is a continuous function in R for all t G [0, Tq) with the additional property that 
dxu{x, t) = for the point (x, t) such as u{x, t) = 0. This completes the proof of Theorem 



4 Proof of Theorem 1.3 



Let ('Ue,t'e) be the unique strong solution of (KS)^ given by Proposition 12.11 For a 
fixed i? > 0, we take a,b > such as —R < a < b < R and consider the following ordinary 
differential equations: 



and 

By Remark 4 (iii), (E^D, (El and (12:231) . we have 

(4.1) dxiue + er^' G C\[-2R,2R] x [0,To)) 

and 

sup ( sup {\\dx{Us + ey'^'^{-,t)\\L^(^^2R,2R) + \\{Ue + £y''^Ue-dxVe{-,t)\\L^(^^2R,2R)} 



0<e<l ^0<t<To 

where C = C{m, 7, q, uq). We now chose R > large enough such that ^ > Tq. Then, it 
follows from the well-known theorem on the existence and uniqueness of local solutions to 
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Dr 



the initial value problem for the ordinary differential equations that both (lE)^ and (IE)s 
have a unique C^-solution ^^(t) and ^^(i) on [0, Tq) for all £ > 0, respectively. 

We consider the following domain: 

Dr := [j Itx{t}, /* := |xeR; <x<S,(t)} for < r < Tq. 

tG[0,T] 

By the local uniqueness of the initial value problem (lE)^ and (IE)s, we obtain that 

i^{t) < E^{t) for all < t < Tq. 
Let us define the gradient V and the vector F on (x, t) by 

V := {d^,dt), F{x,t) := d^{u, + e)"" + {u, + ey-\, ■ da,v,, xi. + e). 
Then it follows from the first equation of (KS)^ that 

V ■ F{x,t) dxdt 

(4.2) = f dtu, - {d^{u, + - {u, + ey-''u, ■ d,v,^ dxdt = 

for all < T < Tq. Taking two curves Ci and C2 as 

Ci := {(x, t) = t); < t < r}, C2 := {(x, t) = t); < t < r}, 

we have 

dDr = /o U Ci U C2 U Ir. 
Hence, the Stokes formula gives 

0= / V •F(x,t) dxdt 

JDr 

= I Y{x,t)-ndS 

JdDr 

= f F(x,0)- (0,-1) dx- f^'^\{x,t)- (0,1) dx+ f F ■ dS + [ F ■ 112 dS 

J a J'B.eir) Jci Jc2 

(4.3) = - / (uoe + e) dx+ (u^ + e) dx + F ■ dS + F • na dS, 

J a Jieir) Jci JC2 

where ni and denote the unit outer normals to Ci and C2, respectively. Since 
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we have by (lE)^ and (IE)h that 

(4.4) F-ni = on Ci, F ■ na = on C2. 

Combining fl4.2l) - fl4.4l) . we have 

r.H,(r) 



(4.5) 



{ue{x, t) + e) dx 



I {uoe{x) + e) dx, < r < Tq. 

J a 

On the other hand, we obtain from fl2.23p . Proposition 12.11 and Lemma [2.21 that 

sup ||6||l°°(o,To) < a+( ■ C + 2(||mo||l°° + 2)^"^ ■ ||mo||li ■ ^0, 

o<£<i \m — i / 



sup 11^^ 



0<e<l 



|l°°(0,To) 



< 



m 



m — 1 



C + 2(||mo|U- + 2)'^-'- IIi^oIIli. 



Hence it follows by the Ascoli-Arzela theorem that there exists a subsequence of {^e(i)}, 
still denoted by {C,s{'t)}e>0: aud a function e C°'^[0,To) such that 



(4.6) 



^s(t) ^ Ci't) as £ — uniformly for every tG [0,To) 



Obviously, a similar argument to ^^(t) also holds, and there exist a subsequence of 
{Es{t)}s>o, still denoted by {^^(t)}, and E e C°'^[0,To) such that 

(4.7) Se(^) 2(t) as £ — > uniformly for every tG[0,To). 

Since Wq = on [a, b], by letting £ — in (14.51) . we have 



(4.8) 



u{x, t) dx 



Uo{x) dx = 



for all < t < Tq. Indeed, we may assume 

-2R < ^,{t) < E,{t) < 2R for all £ > 0, and all < t < Tq, 



where i? > is the same as in (14. ip . Hence it follows from (13. ip . (14. 6p . (14.71) and Propo- 
sition 11.11 that 



(Ue + £) dx 



< 



< 



m 



{Ufr — u) dx 



u dx 



r-H.(i) 
+ £ / dx + 



s^t) .Sit) 

u dx — u dx 



sup \Ue{x, t) - m(x, t) I + £ ) (He(t) - i^{t)) 
-2R<x<2R ^ 



< Ar( sup \u,{x,t)-uix,t)\+E) + (||^io||L-+2)(|H,(t)-S(t)| + |e,(t)-e(t)| 



-2R<x<2R 

as £ — > +0, 
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which yields (14.81) . Since u is non-negative in R x [0, Tq), we conclude from (14.81) that 

u{x, t) = for ^{t) <x< E{t), < t < To. 
This proves Theorem 11.31 
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